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Àííîòàöèÿ
àññìàòðèâàåòñÿ êëàññ óðàâíåíèé ñ ïàðíûìè ñâ¼ðòî÷íûìè îïåðàòîðàìè Âèíåðà 
Õîïà. Èññëåäîâàíèå ïðîâîäèòñÿ â ïðîñòðàíñòâå îáîáùåííûõ óíêöèé, äîïóñêàþùèõ
àíàëèòè÷åñêèå ïðåäñòàâëåíèÿ (ïðåäñòàâëåíèÿ Êîøè). Â ýòîì ïðîñòðàíñòâå ðàññìàòðèâà-
åìûå óðàâíåíèÿ ýêâèâàëåíòíû êðàåâîé çàäà÷å îòíîñèòåëüíî èñ÷åçàþùåé íà áåñêîíå÷íî-
ñòè êóñî÷íî-ãîëîìîðíîé óíêöèè Φˆ(z) = (Φˆ+(z), Φˆ−(z)) . ðàíè÷íîå óñëîâèå çàäàåòñÿ
íà âåùåñòâåííîé îñè R è ïîíèìàåòñÿ â ñìûñëå îáîáùåííûõ óíêöèé. Ïîñðåäñòâîì ïðåîá-
ðàçîâàíèÿ Ôóðüå â ïðîñòðàíñòâå îáîáùåííûõ óíêöèé ìåäëåííîãî ðîñòà ïîêàçûâàåòñÿ,
÷òî ðàññìàòðèâàåìûå óðàâíåíèÿ ïðèâîäÿòñÿ ê èçîìîðíûì óðàâíåíèÿì. Ïîñëåäíèå ïðè
ãèïîòåçå ðåãóëÿðíîñòè îáîáùåííûõ óíêöèé ñîäåðæàò äâóñòîðîííèå è îäíîñòîðîííèå
óðàâíåíèÿ Âèíåðà Õîïà, ïàðíûå èíòåãðàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè è ñ ïåðå-
ìåííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ, à òàêæå ïàðíûå îáûêíîâåííûå äèåðåíöèàëüíûå
óðàâíåíèÿ.
Êëþ÷åâûå ñëîâà: ïàðíûé ñâ¼ðòî÷íûé îïåðàòîð, îáîáùåííàÿ óíêöèÿ, àíàëèòè-
÷åñêîå ïðåäñòàâëåíèå, êóñî÷íî-ãîëîìîðíàÿ óíêöèÿ, ïàðíûå èíòåãðàëüíûå óðàâíåíèÿ,
ïàðíûå îáûêíîâåííûå äèåðåíöèàëüíûå óðàâíåíèÿ.
1. Ïîñòàíîâêà çàäà÷è
Ïóñòü O′−1  ïðîñòðàíñòâî, äóàëüíîå ê ïðîñòðàíñòâó O−1 áåñêîíå÷íî äèå-
ðåíöèðóåìûõ íà R óíêöèé ñ àñèìïòîòèêîé íà áåñêîíå÷íîñòè |ϕ(k)(t)| ≤ C|t|−1
äëÿ ëþáîãî k ∈ N . Òîïîëîãèÿ ïðîñòðàíñòâà O−1 èíäóöèðóåòñÿ èç òîïîëîãè-
÷åñêîãî ïðîñòðàíñòâà E áåñêîíå÷íî äèåðåíöèðóåìûõ íà R óíêöèé, òî åñòü
ïîñëåäîâàòåëüíîñòü (ϕj)j∈N ñõîäèòñÿ â O−1 , åñëè îíà ñõîäèòñÿ â E è äëÿ ëþáîãî
k ∈ N ñóùåñòâóåò ïîñòîÿííàÿ Ck , íå çàâèñÿùàÿ îò j , òàêàÿ, ÷òî |ϕ(k)j (t)| ≤ Ck|t|−1 .
Åñëè Φ ∈ O′−1 , òî, êàê èçâåñòíî [3, ñ. 84℄, ïðåîáðàçîâàíèå
Φˆ(z) =
1
2pii
〈
Φ,
1
t− z
〉
, Im z 6= 0, (1)
íàçûâàþò ïðåäñòàâëåíèåì Êîøè èëè àíàëèòè÷åñêèì ïðåäñòàâëåíèåì îáîáùåííîé
óíêöèè Φ , èñ÷åçàþùåé íà áåñêîíå÷íîñòè. Ïðè ýòîì, åñëè Φ ∈ O′(p)−1 , ãäå p ∈
∈ N , òî â ñèëó [4, ñ. 84℄ Φˆ(z) â îêðåñòíîñòè Im z = 0 èìååò ñëåäóþùåå ïîâåäåíèå:
|Φˆ(z)| ≤ C(Im z)−p+1 .
Ôóíêöèÿ Φˆ(z) äà¼ò àíàëèòè÷åñêîå ïðåäñòàâëåíèå äëÿ îáîáùåííîé óíêöèè Φ
â ñëåäóþùåì ñìûñëå:
〈Φ, ϕ〉 = lim
ε→+0
∫
R
(
Φˆ+(t+ iε)− Φˆ−(t− iε)
)
ϕ(t) dt ∀ϕ ∈ O−1,
÷òî ñèìâîëè÷åñêè çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì: Φ = Φˆ+ − Φˆ− .
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Èùåòñÿ îáîáùåííàÿ óíêöèÿ Φ ∈ O′−1 , óäîâëåòâîðÿþùàÿ íà îñè R óðàâíåíèþ
δ+ ∗ [K1(t)(δ+ ∗ Φ)] + δ− ∗ [K2(t)(δ− ∗ Φ)] = T, (2)
ãäå δ±  îáîáùåííûå óíêöèè, îïðåäåëÿåìûå ïî Í.Í. Áîãîëþáîâó:
δ± :=
1
2
∓ 1
2pii
v.p.
1
t
,
â ñâîþ î÷åðåäü, δ  ìåðà Äèðàêà, v.p.(1/t)  ãëàâíîå çíà÷åíèå ïî Êîøè îò (1/t) ,
K1(t),K2(t) ∈M  ïðîñòðàíñòâî ìóëüòèïëèêàòîðîâ äëÿ ïðîñòðàíñòâà O′−1 , T  çà-
äàííàÿ îáîáùåííàÿ óíêöèÿ èç O′−1 , à ñâ¼ðòêè δ±∗Φ îïðåäåëÿþòñÿ ïî ñëåäóþùèì
îðìóëàì
〈δ± ∗ Φ, ϕ〉 := 〈Φ, δ∓ ∗ ϕ〉 ∀ϕ ∈ O−1.
Îïåðàòîð óðàâíåíèÿ (2) åñòü ïàðíûé ñâ¼ðòî÷íûé îïåðàòîð Âèíåðà Õîïà [1,
ñ. 69℄, ïîñêîëüêó îïåðàòîðû δ± ÿâëÿþòñÿ äîïîëíèòåëüíûìè ñâ¼ðòî÷íûìè ïðî-
åêòîðàìè, òî åñòü δ∗2± = δ± ; δ+ ∗ δ− = 0 ; δ+ + δ− = δ . Óðàâíåíèå (2) ñîäåðæèò
òàê íàçûâàåìûå óðàâíåíèÿ ñ îäíîñòîðîííèìè ñâ¼ðòî÷íûìè îïåðàòîðàìè Âèíåðà 
Õîïà â ïðîñòðàíñòâå O′−1 (ïðè K1 ≡ 0 èëè K2 ≡ 0 è T, ðàâíîì T ∗δ− èëè T ∗δ+
ñîîòâåòñòâåííî), à òàêæå àëãåáðàè÷åñêèå óðàâíåíèÿ âèäà KΦ = T .
Â ñèëó îðìóë
δ+ ∗ Φ = Φˆ+, δ− ∗ Φ = −Φˆ−,
ïîëó÷åííûõ â ðàáîòå ( [5℄), óðàâíåíèå (2) ìîæíî ïðåäñòàâèòü â ñëåäóþùåì âèäå
̂[K1(t)Φˆ+]+ +
̂[K2(t)Φˆ−)]− = T. (3)
Ýòà êðàåâàÿ çàäà÷à, ñîîòâåòñòâóþùàÿ óðàâíåíèþ (2), åñòü çàäà÷à îòûñêàíèÿ
êóñî÷íî-ãîëîìîðíîé óíêöèè Φˆ(z) = (Φˆ+(z), Φˆ−(z)) , èñ÷åçàþùåé íà áåñêîíå÷-
íîñòè, ïî êðàåâîìó óñëîâèþ (4), ïîíèìàåìîìó â ñìûñëå îáîáùåííûõ óíêöèé èç
O′−1 .
Èçâåñòíî, ÷òî ïðåîáðàçîâàíèå Ôóðüå, îïðåäåëÿåìîå îðìóëîé
ϕ˜(ξ) =
∫
R
e−2piixξϕ(x) dx ∀ϕ ∈ S
â ïðîñòðàíñòâå S ïðîáíûõ óíêöèé, áåñêîíå÷íî äèåðåíöèðóåìûõ íà R , áûñò-
ðî èñ÷åçàþùèõ íà áåñêîíå÷íîñòè, ÿâëÿåòñÿ òîïîëîãè÷åñêèì àâòîìîðèçìîì ïðî-
ñòðàíñòâà S . Ýòî ïîçâîëÿåò îïðåäåëèòü ïðåîáðàçîâàíèå Ôóðüå â ïðîñòðàíñòâå S′
îáîáùåííûõ óíêöèé ìåäëåííîãî (óìåðåííîãî) ðîñòà îðìóëîé
〈FT , ϕ〉 := 〈T ,Fϕ〉 ∀ϕ ∈ S, ∀T ∈ S′.
Òîãäà óðàâíåíèå (2) ïîñðåäñòâîì ïðåîáðàçîâàíèÿ Ôóðüå â S′ èçîìîðíî óðàâ-
íåíèþ
Y(ξ) · {K˜1 ∗ [Y(ξ)Φ˜(ξ)]}+ Y(−ξ) · {K˜2 ∗ [Y(−ξ)Φ˜(ξ)]} = T˜ (ξ), (4)
ãäå Y(ξ)  óíêöèÿ Õåâèñàéäà.
Óðàâíåíèå (4) â ïðåäïîëîæåíèè ðåãóëÿðíîñòè îáîáùåííûõ óíêöèé â çàâè-
ñèìîñòè îò ñòðóêòóð îáîáùåííûõ óíêöèé K˜1 è K˜2 ñîäåðæèò äâóõñòîðîííèå,
îäíîñòîðîííèå óðàâíåíèÿ Âèíåðà Õîïà, ïàðíûå èíòåãðàëüíûå óðàâíåíèÿ êàê ñ
ïîñòîÿííûìè, òàê è ñ ïåðåìåííûìè ïðåäåëàìè èíòåãðèðîâàíèÿ, à òàêæå èíòåãðî-
äèåðåíöèàëüíûå óðàâíåíèÿ ïî òåðìèíîëîãèè [2℄.
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2. Àëãîðèòì ðåøåíèÿ óðàâíåíèÿ (2)
Èçëîæèì âêðàòöå àëãîðèòì ðåøåíèÿ óðàâíåíèÿ (2). Ïðèìåíÿÿ ïðåîáðàçîâàíèå
(1) ê êðàåâîìó óñëîâèþ (4), íàõîäèì àíàëèòè÷åñêîå ïðåäñòàâëåíèå ýòîãî óñëîâèÿ:
[Kˆ+1 (z)− Kˆ−1 (z)]Φˆ+(z)−
∑
k
res(ξ=a+
k
)
Kˆ−1 (ξ)Φˆ
+(ξ)
ξ − z = Tˆ
+(z) + P (z), Im z > 0,
− [Kˆ+2 (z)− Kˆ−2 (z)]Φˆ−(z)−
∑
k
res(ξ=a−
k
)
Kˆ2
+
(ξ)Φˆ−(ξ)
ξ − z = Tˆ
−(z) + P (z), Im z < 0,
ãäå Kˆ+,−1,2 (z)  ¾âåðõíèå¿ è ¾íèæíèå¿ óíêöèè ïðåäñòàâëåíèÿ Êîøè äëÿ K1 è
K2 ñîîòâåòñòâåííî, a
±
k  ïîëþñà êðàòíîñòåé p
±
k óíêöèé Kˆ
−
2 (z) è Kˆ
+
1 (z) â ïîëó-
ïëîñêîñòÿõ Im ξ > 0 è Im ξ < 0 ñîîòâåòñòâåííî; Tˆ±(z)  ¾âåðõíÿÿ¿ è ¾íèæíÿÿ¿
óíêöèè ïðåäñòàâëåíèÿ Êîøè äëÿ T ; P (z)  ïðîèçâîëüíûé ïîëèíîì. Òàêèì îá-
ðàçîì ïîëó÷èì:
Φˆ+(z) =
1
[Kˆ+1 (z)− Kˆ−1 (z)]
{
Tˆ+(z) + P (z) +
∑
k
p
+
k∑
j=1
Akj
(z − a+k )j
}
, Im z > 0,
Φˆ−(z) = − 1
[Kˆ+2 (z)− Kˆ−2 (z)]
{
Tˆ−(z) + P (z) +
∑
k
p
−
k∑
j=1
Bkj
(z − a−k )j
}
, Im z < 0,
(5)
ãäå Akj è Bkj  ïðîèçâîëüíûå êîíñòàíòû. Äëÿ èñêîìîé îáîáùåííîé óíêöèè Φ
ñîîòíîøåíèÿ (5) áóäóò ïðåäñòàâëåíèåì Êîøè, èñ÷åçàþùèì íà áåñêîíå÷íîñòè, åñëè
âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
a) lim
|z|→∞
Φˆ±(z) = 0 ;
b) Φˆ(z)± íå èìååò îñîáûõ òî÷åê â îáëàñòÿõ Im z > 0 è Im z < 0 ñîîòâåòñòâåííî.
Ñèíãóëÿðíîñòü ìîæåò âîçíèêíóòü çà ñ÷¼ò íóëåé óíêöèé: [Kˆ+1 (z) − Kˆ−1 (z)] ,
[Kˆ+2 (z) − Kˆ−2 (z)]. Â ïðîöåññå óäîâëåòâîðåíèÿ óêàçàííûì óñëîâèÿì îïðåäåëÿåòñÿ
ñòåïåíü ïîëèíîìà P (z) , à òàêæå ÷àñòü èëè äàæå âñå åãî êîýèöèåíòû è êîíñòàíòû
Akj è Bkj . Áîëåå òîãî, åñëè ÷èñëî íóëåé óêàçàííûõ óíêöèé äîñòàòî÷íî âåëèêî,
òî ìîãóò âîçíèêíóòü è óñëîâèÿ ðàçðåøèìîñòè, íàëàãàåìûå íà óíêöèè Tˆ±(z) .
Åñëè óñëîâèÿ a), b) âûïîëíåíû, òî îðìóëû (5) äàäóò ðåøåíèå êðàåâîé çàäà÷è
(3), à ðåøåíèå óðàâíåíèÿ (2) îïðåäåëèòñÿ èç ñîîòíîøåíèÿ Φ = Φˆ+− Φˆ− . Ïðè ýòîì,
åñëè Φ(z) â îêðåñòíîñòè Im z = 0 èìååò ïîâåäåíèå |Φ(z)| ≤ C|Im z|−p , p ∈ N , òî
Φ ∈ O′(p+1)−1 [4, . 8384℄.
Â êà÷åñòâå èëëþñòðàöèè ðàññìîòðèì ïðèìåð.
3. Ïðèìåð
àññìîòðèì óðàâíåíèå:
δ+∗
{
(2pit)2 + α2 + 2α
(2pit)2 + α2
(δ+ ∗ Φ)
}
+δ−∗
{
µ
(2pit)2 + β2 + 2β
(2pit)2 + β2
(δ− ∗ Φ)
}
= aδ++bδ−, (6)
ãäå α , β  ïðîèçâîëüíûå ïîëîæèòåëüíûå êîíñòàíòû; µ ∈ R\{0} , a, b ∈ R.
Ñîîòâåòñòâóþùàÿ êðàåâàÿ çàäà÷à áóäåò èìåòü âèä[
̂(2pit)2 + α2 + 2α
(2pit)2 + α2
Φˆ+]+ + µ[
̂(2pit)2 + β2 + 2β
(2pit)2 + β2
Φˆ−
]−
= aδ+ + bδ−. (7)
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Èçëîæåííûé âûøå àëãîðèòì äàåò ðåøåíèå çàäà÷è (7):
Φˆ+(z) =
aα
α2 + 2α
[
− α
2piiz
+
i(
√
α2 + 2α− α)
2piz + i
√
α2 + 2α
]
, Im z > 0,
Φˆ−(z) =
bβ
µ(β2 + 2β)
[
− β
2piiz
+
i(
√
β2 + 2β − β)
2piz − i
√
β2 + 2β
]
, Im z < 0,
(8)
êîòîðîå èìååò â îêðåñòíîñòè òî÷êè z = 0 ïîâåäåíèå |Φˆ(z)±| ≤ C|Im z|−1 .
Ïîýòîìó ðåøåíèå óðàâíåíèÿ (6) Φ ∈ O′(2)−1 è âûãëÿäèò ñëåäóþùèì îáðàçîì:
Φ =
aα
α2 + 2α
×
×
{
αδ+ +
i(
√
α2 + 2α− α)
2pit+ i
√
α2 + 2α
}
− bβ
µ(β2 + 2β)
{
βδ− +
i(
√
β2 + 2β − β)
2pit− i
√
β2 + 2β
}
, (9)
Ïðåîáðàçîâàíèÿ Ôóðüå â S′ ïðèâîäèò óðàâíåíèå (6) ê èçîìîðíîìó óðàâíåíèþ
âèäà:
Y(ξ)
Φ˜(ξ) +
∞∫
0
exp (−α|ξ − τ |)Φ˜(τ) dτ
+
+ Y(−ξ)µ
Φ˜(ξ) +
0∫
−∞
exp (−β|ξ − τ |)Φ˜(τ) dτ
 = aY(ξ) + bY(−ξ).
åøåíèåì ïîëó÷åííîãî äâóñòîðîííåãî èíòåãðàëüíîãî óðàâíåíèÿ Âèíåðà Õîïà
áóäåò îáðàç Ôóðüå óíêöèè (9), òî åñòü:
Φˆ(ξ) =
aα
α2 + 2α
{
α+ (
√
α2 + 2α− α) exp (−ξ
√
α2 + 2α)
}
Y(ξ)−
− bβ
µ(β2 + 2β)
{
β − (
√
β2 + 2β − β) exp (ξ
√
β2 + 2β)
}
Y(−ξ).
Â ÷àñòíîñòè, ïðè ξ > 0, α = 1, a = 1 ðåøåíèåì îäíîñòîðîííåãî óðàâíåíèÿ Âèíå-
ðà Õîïà:
Φ˜(ξ) +
∞∫
0
exp (−|ξ − τ |)Φ˜(τ) dτ = 1,
áóäåò óíêöèÿ
Φ˜(ξ) =
1
3
(
1 + (
√
3− 1) exp(−ξ
√
3)
)
,
ãäå ξ > 0 .
Summary
L.G. Salekhov, L.L. Salekhova. Equations with Dual Convolution Wiener Hopf Operators.
A lass of equations with dual onvolution Wiener Hopf operators is onsidered. The
investigation is arried out in the spae of generalized funtions, admitting analytial
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presentations (Cauhy presentations). Equations of the onsidered lass are equivalent to a
boundary value problem regarding the disappearing at innity pieewise-holomorphi funtion
Φˆ(z) = (Φˆ+(z), Φˆ−(z)) . Boundary ondition is given on the real axis R and is understood in
the sense of generalized funtions. The onsidered equations are redued to some isomorphi
equations by means of Fourier transformation in spae of tempered generalized funtions.
The latter, aording to hypothesis of generalized funtions regularity, inlude bilateral and
unilateral Wiener Hopf equations, dual integral equations with onstant and variable limits,
and dual ordinary dierential equations.
Key words: dual onvolution operator, generalized funtion, analytial presentation,
partly-holomorphi funtion, dual integral equations, dual ordinary dierential equations.
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